A general relationship between the driving force and the velocity of a moving phase boundary in thermoelastic solids is established on the basis of non-equilibrium jump relations at the discontinuity. The non-equilibrium jump relations are formulated in terms of contact quantities and local equilibrium fields. The contact quantities are introduced following ideas of the thermodynamics of discrete systems. It is shown that under certain simplifications the derived relationship can be reduced to a known kinetic relation.
Introduction
The formal expression of the driving force acting on a singular set of material points (crack tip or phase-transition front) and of the accompanying dissipation in an irreversible progress of the set is independent of the precise material behavior at regular points [1] . As these appear to be displaced as a consequence of the general evolution of a field solution under the time changes in applied data, driving forces acting on them are defined in duality with these velocities of displacement. The power thus expended can be written as the general bi-linear form P (f ) = f · V.
(
Here f is the driving force, and V is the material velocity [2] . In some cases, the observed motion of singularity sets is thermodynamically irreversible, and the force f of a non-Newtonian nature acquires a physical meaning only through the power it expends (Eq. (1)), as this is, in fact, its definition in a weak formulation on the material manifold. The irreversible progress of the singularity set is then governed by the second law of thermodynamics; this means that (in terms of temperature θ S and entropy production σ S at the singularity)
and the closure of the full solution of the evolution problem requires the formulation of a kinetic law of progress relating f and V or a hypothesis about entropy production.
We focus here on displacive phase-transition front propagation. The phase transition is viewed as a deformable thermoelastic body growing at the expense of another deformable thermoelastic body. The surface separating the two phases is considered as an ideal sufficiently regular mathematical surface of zero thickness. The driving force acting on the phase boundary is determined as ( [3] - [5] )
Here
A ± are the uniform limits of the field A in approaching the front S from its positive and negative sides, respectively, along the unit normal N to the front oriented from its negative to its positive side, f S is the scalar value of the driving force applied along the normal to the front, W (F, θ) is the free energy per unit reference volume, F is the direct-motion gradient, and T is the first Piola-Kirchhoff stress tensor. Note that the result is universal in so far as the continuity conditions for temperature θ and material velocity V
are fulfilled at the front. No hypothesis of small strain or quasi-statics has been envisaged. Here we use the kinematic notions exposed in [2] . The velocity of the displacive phase-transition front remains undetermined and requires additional considerations.
It is well known that the conventional theory of nonlinear thermoelasticity fails to fully determine the mechanical response to dynamic loading of a phase transforming thermoelastic material because of a constitutive deficiency. The governing equations do not completely determine the propagation of phase boundaries. Additional constitutive information is usually provided in the form of a kinetic relation between the driving force and the velocity of the phase boundary.
The notion of a kinetic relation is introduced by Abeyaratne and Knowles [6] following ideas from materials science. They have demonstrated its applicability in the thermoelastic setting and impact problems [7] - [9] .
It is well understood [10] that the kinetic relation is required because of the nonequilibrium character of the phase transformation process. Therefore, it is natural to provide a non-equilibrium description of the phase-transition front propagation.
In what follows, we establish the constraints on the velocity of the phasetransition front which follow from the non-equilibrium jump relations at the discontinuity.
The paper is organized as follows. In Section 2 we remind the reader of the material description of phase-transition front kinetics in conventional local equilibrium terms. Then we discuss a non-equilibrium jump relation at the moving phase boundary (Section 3). The proposed non-equilibrium description of the phase-transition front propagation is based on the thermodynamics of discrete systems and is formulated in terms of contact stress and excess entropy. Therefore, we show how the jump of the contact stress can be determined at the phase boundary (Section 4). Making an assumption about this jump, we derive a relation between the driving force and the velocity of the phase-transition front (Section 5). The obtained relation can be reduced to a known kinetic relation in a simple one-dimensional case (Section 6).
Front kinetics
The material velocity at the front can be determined by means of the jump relation for linear momentum
where v is the physical velocitiy,V N is the normal component of the material velocity of the points of the discontinuity surface S. However, the jump relation for linear momentum (Eq. (5)) can be employed only after having a solution of the problem, in which this jump relation is included as a part.
The complete formulation of the problem in the case of thermoelastic conductors of heat in the material setting can be given as follows:
We seek piecewise smooth velocity and stress fields v(X, t), T(X, t) in inhomogeneous thermoelastic materials subject to corresponding initial and boundary conditions, which obey the following field equations at any regular point X outside S in the absence of external force and heat supply [11] :
where t is time, ρ 0 (X) is the matter density in the reference configuration, p = ρ 0 (X)v(X, t) is the linear momentum, S is the entropy per unit volume,
is the kinetic energy per unit volume in the reference configuration, E(F, θ; X) is the corresponding internal energy, Q is the material heat flux. The above set of Eqs. (6)- (9) is valid in any continuously inhomogeneous material. It is clear that the existence of the discontinuity surface S breaks the symmetry of the problem and that, in the case of phase transition, it may be viewed as breaking the translational invariance of the whole physical system on the material manifold. Therefore, the presence of S manifests a lack of material homogeneity for the whole system under study. Accordingly, the equation associated with this lack of invariance must play a prominent role in further considerations concerning S. This equation is the balance of pseudo-momentum [2] 
where
Eshelby stress tensor, L = K − W is the Lagrangian density, f th = S∇ R θ is the thermal inhomogeneity force. The energy equation in the bulk (Eq. (8)) of each phase can also be written in the more common form of the heat propagation equation
because there is neither heat body source nor intrinsic dissipation. The corresponding jump relations across front S are the Rankine-Hugoniot jump relations
andV
Both Eqs. (10) and (11) are nonconservative. Therefore, the corresponding jump relations across S should exhibit source terms to be jointly determined by the thermodynamic study:
where q S and σ S are unknown scalars, and f is an unknown material co-vector. These three quantities are surface sources and are collectively constrained to satisfy the second law of thermodynamics at the front S such that
The constitutive equations of thermoelasticity read:
We still require that the conditions of homothermality and coherency (Eq. (4)) are satisfied.
What thermodynamics says here is that f and V must be related in such a way as not to contradict the second law of thermodynamics at S. Once f has been expressed in terms of V, then the system of field and jump equations is entirely closed. Imagine that we know the solution of the thermoelastic problem at time t on each side of S. Then we can compute f , and V shall be such that the second law is respected. This dictates the sign of V along the unit normal to S, and thus the direction of progress of the front, i.e. which phase is progressing into the other, is determined.
The above-mentioned formulation of the problem displays clearly the need of the kinetic relation, because the jump relations (Eqs. (12)- (17)) are useless until the velocity of the front is determined.
However, the problem is formulated in terms of local equilibrium quantities, while the phase transition is a non-equilibrium process. Let us consider a nonequilibrium description.
3 Non-equilibrium jump relation at moving phase boundary
It should be noted that there is no conventional description of non-equilibrium processes, because even the notion of non-equilibrium temperature can be defined in different ways [12] . However, keeping in mind the possibility of numerical simulations, we choose the thermodynamics of discrete systems [13] for the description of non-equilibrium states. In the framework of this theory, the local equilibrium state space should be extended in order to describe non-equilibrium states. Such an extension is achieved by introducing so-called "contact quantities" [13] . The contact quantities can be introduced in the considered thermoelastic theory as follows. First, as it is shown by [14] , the free energy per unit volume in non-equilibrium differs from its local equilibrium value:
Here W is the total non-equilibrium free energy, W eq is its local equilibrium value, and W ex is the excess of free energy. Then we introduce the contact stress tensor Σ and the excess entropy S ex as quantities associated with the excess of free energy
similarly to the usual stress and the entropy definitions [11]
The next step is the specification of jump relations at the phase boundary in the non-equilibrium case. It should be noted that the jump relations used in the modeling of martensitic phase-transition front propagation [15] - [18] one way or another differ from the classical equilibrium jump relations, which consist in the case of thermoelastic solids in the continuity of temperature and of components of the tensor of chemical potential and the continuity of the normal Cauchy traction at the phase boundary [19, 20] . We do not need to change the continuity of temperature condition at the phase boundary in the considered homothermal case. Moreover, the jump condition for the chemical potential tensor is substituted by non-zero driving force value at the phase boundary (Eq. (3)). We only need to change the quasi-static condition of the continuity of the normal Cauchy traction at the phase boundary.
It can be done by the non-equilibrium jump relation at the phase boundary that is established in [21] (square brackets still denote jumps):
To make this new non-equilibrium jump relation useful, we need to determine the jumps of the contact quantities at the moving phase boundary. Before the determination of the contact quantities at the phase boundary, we note that in the isentropic case the non-equilibrium jump relation (Eq. (23)) is reduced to a simple relation
In quasi-statics, the normal Cauchy traction should be zero
that means that the jump of contact stress should be reduced in full correspondence to equilibrium state:
Now we will describe how the non-equilibrium jump relation (Eq. (23)) is employed for the calculation of the contact quantities at the moving phase boundary.
Contact quantities at moving phase boundary
Due to the additivity of entropy, the non-equilibrium jump relation (Eq. (23)) can be rewritten as follows
As shown by Abeyaratne and Knowles [5] , the rate of entropy production due to the propagating phase boundary in both adiabatic and non-adiabatic cases is determined only by the driving force and the velocity of the front. This means that the jump relation for the entropy (Eq. (15)) can be specialized as
where the entropy production at the phase boundary is given by Eq. (2)
It follows from Eqs. (28) and (18) that the jump of entropy is determined by the scalar value of the driving force and the temperature at the phase boundary
To be able to calculate the derivative of entropy with respect to the deformation gradient in Eq. (27) we suppose that in the vicinity of the phase boundary the entropy behave like the driving force (with additional constant f 0 )
This supposes that at the point where Eq. (32) is defined, there exists in thought an oriented surface of unit normal N. If there is no discontinuity across this surface, then f is a so-called generating function (the complementary energy changed of sign and up to a constant). If there does exist a discontinuity then the expression becomes meaningful only if the operator [· · · ] is applied to it. Using the representation (Eq. (31)), we obtain for the derivative of entropy with respect to the deformation gradient
Substituting the last relation into Eq. (27), we can determine the jump of contact stress at the moving phase boundary
because the free constant f 0 can be chosen so that
Though the jump of the contact stress at the phase boundary is determined, we still need certain additional assumption to fix the value of the velocity of the phase boundary. The simplest assumption is the continuity of contact stress at the phase boundary (Eq. (26)).
If we keep the continuity of contact stress at the phase boundary, we come to the relation between the jump of normal component of the Piola-Kirchhoff stress tensor and the driving force
This relation gives us the possibility to determine the velocity of the phase boundary.
Velocity of moving phase boundary
We return to the jump relation for linear momentum (Eq. (5))
The application of the Maxwell-Hadamard lemma gives [3] [
and the jump relation for linear momentum (Eq. (37)) can be rewritten in a form that is more convenient for the calculation of velocity at the phase boundary
Substituting Eq. (36) into the jump relation for linear momentum (Eq. (39)), we have
This looks like a kinetic relation if we can relate the jumps [F · N] and N · [T] by means of constitutive equations.
In the isothermal case, the second derivative in the right hand side of Eq. (36) vanishes, because the driving force is determined by stress and strain fields which are fixed simultaneously. Therefore, in the isothermal case we have a simpler expression
6 Simple example
In the one-dimensional linear case of elasticity, Eq. (41) reduces to a simple expression for the velocity of the phase-transition front [4] 
where σ and ε denote one-dimensional stress and strain, respectively, and λ and µ are the Lamé coefficients. The latter relation can be represented in different forms. First, multiplying both parts of Eq. (42) by < 1/(λ + 2µ) > and introducing a "characteristic" velocity c *
we havē
where A = [1/(λ + 2µ)] < 1/(λ + 2µ) > −1 . Since the stress jump is proportional to the driving force, we can rewrite the obtained relation as follows
where B = Aθ S < (3λ + 2µ)/(λ + 2µ) >.
Another representation follows if we express the driving force in terms of the velocity of the front. Inverting Eq. (45), we have
If we identify the mean value of the stress at the phase boundary with the transformation stress σ tr , we obtain the relation
which differs from the kinetic relation recently proposed in [22] only by coefficients. This difference follows from the choice of the characteristic velocity.
Concluding remarks
The problem of the velocity of the phase-transition front is well understood and extensively discussed in the case of displacive martensitic transformations in solids [6] - [10] . It is shown that the conventional theory, when supplemented by the appropriate kinetic relation, does indeed lead to a well-posed problem. The kinetic relation relating the driving force to its conjugate flux is a manifestation of the irreversibility of the phase transformation. That is why we apply the non-equilibrium jump relations at the moving phase boundary. We use the general material setting. This means that the constitutive behavior of a material is not specified and, therefore, the derived kinetic relation is independent of the constitutive behavior of a material (except for the example).
The non-equilibrium jump relations are formulated in terms of contact quantities. These relations allow us to determine the jump of the contact stress across the moving phase boundary, but it is still not sufficient to determine the velocity of the phase-transition front completely. Therefore, we are forced to introduce an additional assumption concerning the entropy production at the phase boundary. The simplest assumption of the continuity of the contact stress across the phase boundary is applied in the paper. This assumption can be a subject of further modifications or generalizations.
It should be noted that the contact quantities are also successfully used instead of numerical fluxes in numerical simulations of wave and front propagation, providing a conservative finite-volume numerical scheme. Details of the algorithm description and results of numerical simulations can be found in [23] - [25] .
